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Abstract. The main purpose of this paper is to prove that in the framework of a Keynesian macroeconomic
model the income and the consumption can be controlled modifying the coefficients of the consumption

function.
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1. A Keynesian macroeconomic model
Let be a macroeconomic model in which the income Y rises in response to excess

aggregate demand (D - Y). We assume that the aggregate demand D is equal to C + 1 + G
where C is the consumption, I is the investment and G is the government expenditure (D
= C + 1 + G). We assume also that investment I and government expenditure G are
positive constants and consumption C is a positive increasing function of Y, C = C(Y).
The diversification of consumption in function of the income (fixed consumption
independent on income, consumption proportional with income, consumption
proportional with the square of income, etc.), and the additive character of consumption

is a general motivation for a polynomial consumption function with positive coefficients:



(1) CY)=C,+CY+C,Y* +..+CY" C =0,
The condition that the income Y rises proportional with respect to the excess

aggregate demand D - Y is expressed by the differential equation:

) Y =[c@)+ 1+G-Y]

in which k is a positive constant and C(Y) is given by (1).

For a constant consumption formula:

(3) c(r)=c,
the differential equation (2) admits the constant solution Yo defined by
4) I_/o=co+I+G.
An arbitrary solution Y(t) of the equation (2) corresponding to the initial

condition ¥, = 0:Y(0) =Y, s given by:

(5) Y(t)=)_’o+(YO—I_’o)e'k’

it follows that the constant solution Yo (the equilibrium) is asymptotically stable and

globally attractive; i.e. for any Y, =Y(0) Y (*) tends to Yo in this case. The difference

between aggregate demand and income D - Y (t) tends to 0.

For a linear consumption formula given by

(6) CY)=c,+¢7Y; ¢ >0

if ¢ # 1, then the differential equation (2) has a constant solution g given by

% _Ccy+ I+ G
(7) V=
1

Yy represents income only if it is nonnegative, Y120  This involves that 1-€1 >

0,1ie 0<% < 1. Assuming that 0 <1 < 1 we consider an arbitrary solution Y(t) of

Y, = ¥(0)

equation (2) corresponding to the initial condition 20. This solution is given

by



(8) Y(l‘) = %1 + (YO —};1)6_k(c'_l)t

it follows that the constant solution Y1 (the equilibrium) is asymptotically stable and

globally attractive, i.e. Y(£) tends to Y1 and C(Y) tends to ¢, +¢, Y1 . In this case the

difference between aggregate demand and income D - Y(t) tends to O.
For a second degree consumption formula given by

(9) CY)=c,+c,Y+c,Y?, ¢, =0.

the differential equation (2) has constant positive solution if and only if the following two

condition are satisfied:

O=<c <1
(10)
(¢, -1) —4(c, +I +G), = 0
If
O=<c <1
(1D

(¢, -1V -4(c, +1+G)e, =0

then there is an unique positive solution Y2 given by the formula:

- l-¢

(12) Y:= o

If

O=c <1

(13)
(¢, -1F —=4(c, +I +G), > 0

then there are two positive constant solutions Yo gpd Y2 given by the formulas:



71—721 _ l-c - ,\Kcl —1)2 —402(00 +1+ G)
2c,
(14) <
Voo I-¢, + o~ 1) -4, (¢, +1 +G)
2c,

In the case (11) we have only one stationary solution given by the formula (12),

and a solution Y(t) of the differential equation (2) corresponding to the initial condition

Y, has the following asymptotically behavior: if 0=Y, < Y2 then for ¢ =+
Y(f)% Yo, if Y2 < ¥, then for £ —> +% Y(’)_>+°° . Therefore for Y , satisfying
0=<Y, < Y2 the income Y(t) tends to Y2 and consumption tends toCo +¢; Y2+ ¢, ¥ 2

The difference D - Y(t) tends to zero. If ¥, satisfies Y2 < ¥ then ¥ (t )_>+°° and
C(f )e +%  The difference D - Y(t) = +* and this is not desirable.

In the case (13) we have two steady state solutions given by formula (14). A

solution Y(t) of (2) corresponding to an initial condition Y, has the following

asymptotic behavior: if 0 < Y, < Y2 then for? — +® ,Y(t) = Yo . if¥y >Y2 then for t

— +®Y(t) 7 t % . Therefore if the initial values of the income ¥, satisfies 0 < Yo

<¥2  then Y(t) tends to the steady state Y21 | and the consumption C(t ) tends to the

O - 2
Cy +C’1 Y21+02Y21

constant consumption . The excess aggregate demand D - Y(t) tends

to zero. If the initial values Yo of the income satisfies o > Y2 then the income Y(t)

tends to * ® | the consumption tends to +* and the excess aggregate demand tends to
+00

This analysis of the stability can be made for polynomial consumption formulas
of any degree. We stop here because the phenomenology suggests a possibility of the

income and consumption control, choosing one or another consumption formula. We



mention that the choose of a consumption formula can be considered as a modification of

the coefficients in the second-degree consumption formulas.

2. Controllability of the income and consumption growth in a

Keynesian macroeconomic model

We consider a Keynesian macroeconomic model in which the consumption

formula is a second degree function; C(Y) given by (9) and the coefficients €9-€1-¢2 not

satisfy the conditions (10). For fixing the ideas we assume that we have
c, =1

(15)
(c1 —1)2 —4(00 +I+G)c2 =0

In these conditions the differential equation (2) has a stationary solution Y, given
by (12). This solution is negative and from this reason it is an income. A solution Y(t) of
(2) corresponding to an initial condition Y, >0, tends to +* fort = *+ % . This means
that, in the above conditions, income Y(t), consumption C(Y(t)) and excess aggregate
demand D - Y(t) tends *® for t = *+*® . To stop this tendency of excess aggregate
demand an intervention in the model is suitable. This intervention can be made changing
at a certain moment the coefficients of the consumption formula.

We shall illustrate this

At the moment % , we choose €1 such that 0 < €1 < 1 and a new formula for

consumption:

(16) C(Y)=c, +cY +c,Y?



in which ¢, is given by

17) ¢, = (1‘0;}

After 7, the income ¥ (f) tends to the constant value ¥, given by

)

18 .
(18) o

and the consumption tends to the constant value given by

2

(19) c(r]-aranean
the excess aggregate demand D - ¥ (?) tends to zero.

In order to demonstrate the above affirmations we shall consider the value of the

income Y(% ) at the moment % . Obviously Y(% ) is a big number because Y(t) tends to

+% fort — + %, Further we consider ¢i satisfying:

2, + 1 + G) :
(20) max{oa 1- OY 3 < ¢ <1.
N _ ' 2(00 + 1+ G) .
Because Y (%1 ) is a big number, the ratio _Y(?)_ is less as 1 and therefore 1
2((:0 +1+ G)

_Y'(t_)_ > 0. It follows that if %1 is sufficiently large, we have
1

2(c0+I+G)} 1_200+I+G)

0, 1- - -

max{ _Y@_ D (A From (20), it follows that we have
1- ci

(21) (1) < e

where €2 is given by (17). The solution of (2), in which the consumption formula is given
by (19), and the initial condition is Y(0) =Y(#) tends to , the new consumption

2

tends to € (Y 2] =+ L+l and the excess aggregate demand tends to zero.



Therefore, in the above case it follows that changing the coefficients ¢;,¢, we

succeed to stabilize the income level, the consumption level and the excess aggregate
demand decreases.
We assume now that instead (15) we have

c, =1
(22)
(c1 —1)2 —4(00 +I+G)c2 >0

In these conditions equation (2) has two stationary solutions Y21 and Y22 which

are negatives. A solution Y(t) of (2) corresponding to an initial condition ¥ > 0, tend to

+% fort = +% . Modifying at a moment the coefficients in the consumption formula it
is possible to stop this tendency. In fact we can demonstrate in this case the followings:
For every moment 4 choosing ¢ ,0< ¢ < 1, and the consumption formula

(23) C(Y)=c, +cY +¢, Y’

in which €2 is given by

(24) ¢, = )
Heo +1+G)

Y, given by

P )
C

(25) ——

the income ¥ () tends to

Consumption tends to the constant value given by

2

(26) C'(Yzl)=co+cll Y,+c,Y,

and D - Y (1) tends to zero.

CpsCis

The case in which coefficients €2 from the consumption formula (9) satisfy

(e, -1) -4le, +1+G), <



leads to the limitless growth of income, consumption and excess aggregate demand. This

can be stabilized in the way described above.
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